ABSTRACT. Let A be the product of an abelian variety and a torus defined over a number field K. Fix some prime number ℓ. If α ∈ A(K) is a point of infinite order, we consider the set of primes p of K such that the reduction (α mod p) is well-defined and has order coprime to ℓ. This set admits a natural density. By refining the method of R. Jones and J. Rouse (2010), we can express the density as an ℓ-adic integral without requiring any assumption. We also prove that the density is always a rational number whose denominator (up to powers of ℓ) is uniformly bounded in a very strong sense. For elliptic curves, we describe a strategy for computing the density which covers every possible case.
1. INTRODUCTION 1.1. Reductions of a point having order coprime to ℓ. Let A be a connected commutative algebraic group defined over a number field K, and fix some prime number ℓ. Let α ∈ A(K) be a point of infinite order and consider the primes p of K for which the reduction of α modulo p is well-defined and has order coprime to ℓ. The aim of this paper is understanding the natural density of this set (provided it exists):
Dens ℓ (α) := Dens{ p : ℓ ∤ ord(α mod p)} .
1.2.
History of the problem. In the sixties, Hasse [12, 13] considered the case of A being the multiplicative group over the rationals and gave parametric formulas for Dens ℓ (α). For a survey of related questions for the rational numbers, see [20] by Moree. The second author (partly joint with Debry) extended the method of Hasse to solve the case where A/K is a 1-dimensional torus over a number field [23, 7, 24] . In [26] , Pink gave a motivic interpretation of the problem for abelian varieties: considering the tree of ℓ ∞ division points over α gives a Tate module T ℓ (A, α) which is an extension of the Tate module T ℓ (A) by Z ℓ (and is a particular case of the Tate module of 1-motives first described by Deligne in [8] ).
In [14] , Jones and Rouse considered the Galois action on the tree of ℓ ∞ division points over α, which encodes the Kummer representation for α and the ℓ-adic representation attached to A. In [14, Theorem 3.8] they prove -for any connected commutative algebraic group -that if the image of the Kummer representation is as large as possible we have
where G is the image of the ℓ-adic representation, identified to a subgroup of a suitable general linear group GL b (Z ℓ ), and dµ G (x) is the normalized Haar measure on G. They have also given criteria for their assumptions to be satisfied, and have determined the value of Dens ℓ (α) for 1-dimensional tori and elliptic curves whenever the images of both the Kummer representation and the ℓ-adic representation are as large as possible (under a small assumption for CM curves [14, §5.2] ).
1.3. The general formula. We suppose that the torsion/Kummer extensions K(A[ℓ n ], ℓ −n α) grow maximally for every sufficiently large n (cf. Definition 6). For the product of an abelian variety and a torus we may assume this condition without loss of generality (cf. Remark 7).
In this situation, the natural density Dens ℓ (α) exists by the argument of [14, Theorem 3.2] and the remark following it. By refining the method of Jones and Rouse we can generalize [14, Theorem 3.8] (which corresponds here to the case c Kummer = 1 and w ≡ 1): 
1.4.
Rationality of the density. For products of abelian varieties and tori, the density is always a rational number (this result is new even for elliptic curves):
Theorem 2. If (A/K, ℓ, α) are as in Definition 6 , Dens ℓ (α) is a rational number.
In Section 7 we even prove (for all products of abelian varieties and tori) that the denominator of Dens ℓ (α) can be universally bounded up to a power of ℓ:
Theorem 3. Fix g 1. There exists a polynomial p g (t) ∈ Z[t] with the following property: whenever K is a number field and A/K is the product of an abelian variety and a torus with dim(A) = g, then for all prime numbers ℓ and for all α ∈ A(K) we have
1.5. The case of elliptic curves. We have collected in a companion paper [17] general results on GL 2 (Z ℓ ) and all its Cartan subgroups (including the ramified ones): this leads to a very detailed classification of the elements in the image of the ℓ-adic representation attached to any elliptic curve according to the structure of their group of fixed points in A[ℓ ∞ ]. Using this classification, we prove in Section 6 the following result:
Theorem 4. For elliptic curves Dens ℓ (α) can be effectively computed. Furthermore, we have Dens ℓ (α) · (ℓ − 1)(ℓ 2 − 1) 2 (ℓ E − 1) ∈ Z [1/ℓ] , where E = 4 if the elliptic curve has complex multiplication over K and E = 6 otherwise.
are then finite Galois extensions of K. We denote the countable union of these fields by K ∞ and K α respectively. We then define the Kummer map as (2) Gal(
where {β n } n 1 is any sequence of points β n ∈ A(K) satisfying ℓβ 1 = α and ℓβ n+1 = β n for all n 1. The definition does not depend on the choice of the sequence because σ is the identity on K ∞ .
The arboreal representation encodes both the ℓ-adic representation and the Kummer representation, being the map
where M σ is the image of σ (more precisely, of any lift of σ to Gal(K/K)) under the ℓ-adic representation and where we define t σ := (σ(β n ) − β n ) n 1 for some fixed choice of {β n } n 1 as above. The arboreal representation is an injective group homomorphism that iden-
With this identification, we shall write
We employ the same notation for σ ∈ Gal(K α,n /K), in which case we have
2.2.
Growth conditions for torsion fields and Kummer extensions. We denote by G ⊆ GL b (Z ℓ ) the image of the ℓ-adic representation and by G(n) the image of the mod ℓ n representation, i.e. the image of G under the natural projection
If A is an elliptic curve, by work of Serre [28] and by the classical theory of complex multiplication [30] we know the following: if
, and otherwise G is open in the normalizer of a Cartan subgroup of GL 2 (Z ℓ ) (dim G = 2). See [17] for a classification of all Cartan subgroups and their normalizers.
Definition 6. We say that (A/K, ℓ) satisfy the eventual maximal growth of the torsion fields if there exists a positive integer n 0 such that we have
We say that (A/K, ℓ, α) satisfy the eventual maximal growth of the Kummer extensions if there exists a positive integer n 0 such that we have:
for every n ′ n n 0 .
Equivalently, there exists a positive integer n 0 such that we have 
hold, the following rational number is independent of n for n n 0 :
and write G(n) for the reduction modulo ℓ n of G. The sequence # G(n + 1)/# G(n) is nondecreasing for n 2 and it is eventually equal to ℓ dim G .
Proof. We have to study the order of Ker(n), the kernel of the reduction map G(n + 1) → G(n). For every n, the map M → ℓ −n (M − I) gives a group isomorphism between Ker(n) and some vector subspace V n ⊆ Mat b (Z/ℓZ). The sequence #V n is bounded from above by # Mat b (Z/ℓZ), and it is non-decreasing: indeed, we now show that V n ⊆ V n+1 . If v ∈ V n , then I + ℓ n v ∈ Ker(n) ⊆ G(n + 1), so there is someM := I + ℓ nṽ in G that is congruent to 1 + ℓ n v modulo ℓ n+1 . We have v ∈ V n+1 because Ker(n + 1) contains I + ℓ n+1 v: indeed, this is the image in G(n + 2) ofM ℓ (this follows from ℓ n+2 | ℓ 2n ). This proves that #V n is eventually constant, and since the sequence # G(n)ℓ −n dim G converges to some positive number by [21, Theorem 2] we must have #V n = ℓ dim G for all n sufficiently large.
Lemma 10. Semiabelian varieties satisfy (C1) for any prime ℓ.
Proof. Let G Zar be the Zariski closure of G in GL b,Q ℓ and define
By Proposition 16 we know that G is open in G, so there exists some positive integer n 0 such that for every n n 0 the matrices of G that reduce to the identity modulo ℓ n are in G. The statement then follows from Lemma 9, because for every sufficiently large n we have
The proof of Lemma 9 implies that the following definition is well-posed:
is independent of n for all sufficiently large n: it is a vector space of the same dimension as the Zariski closure of G, and we call it the tangent space T of G.
Effectivity of Definition 6.
Consider the arboreal representation ω as in (3) and its reduction
Theorem 12. Let n 1 (resp. n 2 if ℓ = 2). (ii) The kernel of the projection
We know this assertion for m = n, so we suppose that it holds for some m n and prove it for m + 1. Since H ′ m+1 is generated by A[ℓ] × {I} and by {0} × H m+1 , it suffices to prove that these are contained in
Writing again an element of H m+1 as h = I + ℓ m+1 x, we know that (0, I + ℓ m x) is in {0} × H m ⊆ Gal(K α,m+1 /K) so we deduce as above that Gal(K α,m+2 ) contains (t, h) for some t ∈ A[ℓ] and we conclude because (0, h) = (−t, I)(t, h).
For every m n we have proven that Im(ω m+1 ) is the inverse image of
, so we conclude by taking the limit in m.
Remark 13. Let (A/K, ℓ, α) be as in Definition 6 . Provided that dim G is known, by Theorem 12 we may take for n 0 the smallest integer n 1 (n [19] , so it suffices to show that the intersection between ker(A(K p ) → A 2 (K p )) and the torsion subgroup of A(K p ) is finite: we are thus reduced to proving that the torsion subgroup of
The solvable group A 1 has a normal unipotent subgroup such that the quotient is of multiplicative type (and connected, hence a torus): by the same argument as above, it suffices to treat the case of unipotent groups and of tori separately. By the Lie-Kolchin Theorem (and since we are in characteristic zero) the unipotent subgroup is torsion-free, while the assertion is clear for tori. Proof. We mimic the argument for abelian varieties [4, 5] . As explained in [4, Proof of Lemma 1] , it suffices to show that the Lie algebra of the ℓ-adic representation ρ ℓ is algebraic. By [4, Lemma 1 and Corollary to Lemma 2] , it suffices to prove:
(1) ρ ℓ is unramified outside a finite set of primes of K; (2) ρ ℓ is of Hodge-Tate type for all the primes of K lying over ℓ; (3) elements that act semisimply on T ℓ (A) ⊗ Z ℓ Q ℓ are dense in the image of ρ ℓ .
Property (1) is true by Lemma 14. The existence of the Hodge-Tate decomposition was proved by Faltings in [10] for smooth proper varieties, and it also holds for semiabelian varieties because of the existence of good compactifications for quasi-projective varieties, see [2] and [31, Remark 1.2]. The last property holds because the Frobenius automorphisms act semisimply on the rational Tate module (this follows easily from the analogous statement for abelian varieties and for tori because the two sets of Frobenius eigenvalues are disjoint).
COHOMOLOGICAL INTERPRETATION OF THE DENSITY
3.1. The Kummer cohomology class. Let A be a connected commutative algebraic group defined over a number field K and let ℓ be a prime number. If α ∈ A(K) and n is a positive integer, we denote by ℓ −n (α) the set of points α ′ ∈ A(K) satisfying [ℓ n ]α ′ = α. We then call ℓ −∞ (α) the set consisting of all sequences β := {β n } n 1 satisfying
The induced map from Gal(K α /K) agrees with (2) on Gal(K α /K ∞ ). A different choice of β alters c β by a coboundary, so its class
is well-defined: we call it the Kummer class of α. We equivalently consider C α to be in
and denote by C α,n its image in
, which is obtained by replacing a sequence with its term of index n. Notice that C α,n is trivial if and only if there is some point in ℓ −n (α) which is defined over K.
3.2.
Cohomological conditions. For σ ∈ Gal(K α /K) the restriction map with respect to the profinite cyclic subgroup generated by σ is
Likewise, for τ ∈ Gal(K α,n /K) the restriction map with respect to the cyclic subgroup generated by τ is
Consider the following sets:
Suppose that (C2i) and (C2ii) of Definition 6 hold and consider n n 0 : if τ ∈ S α,n fixes β n ∈ ℓ −n α, then there is τ ′ ∈ S α,n+1 over τ that fixes some β n+1 ∈ ℓ −(n+1) α satisfying [ℓ]β n+1 = β n . We deduce that S α,n is the image of S α,n+1 (by passage to the limit, also of S α ) in Gal(K α,n /K). Thus the Haar measure of S α in Gal(K α /K) is well-defined and its value is
because we take the limit of a non-increasing sequence of positive numbers.
Even though [14, Theorem 3.2] is stated only for products of abelian varieties and tori, the proof works equally well if one just assumes that the triple (A/K, ℓ, α) satisfies the conditions of Definition 6. We then recover Theorem 5 in the form (7) Dens ℓ (α) = µ(S α ) .
A similar result holds for the density of reductions such that the ℓ-adic valuation of the order of (α mod p) is at most n: the cohomological condition becomes C α ∈ ker([ℓ n ] Res σ ).
3.3.
Remarks.
Remark 17 ([14, Proof of Theorem 3.8]). Writing
The same remark holds for S α , hence we have 
is the inverse image in Gal(K/K) of S α , and hence
Proposition 20. If L/K is any Galois extension which is linearly disjoint from
Proof. By Theorem 5 and Remark 19 we have to prove that, considering S α as a subset of
is an isomorphism of groups and of measured spaces. We may easily conclude because 
We restrict our attention to those M for which ker(M − I) is finite. If F is a finite abelian ℓ-group with at most b cyclic components, we define
and also define
where the union is taken over all finite abelian ℓ-groups with at most b cyclic components. We write M F (n) for the image of M F under the reduction map G → G(n), and denote by exp F the exponent of the finite group F.
Proof. Call π n : G → G(n) the reduction modulo ℓ n . For n > v ℓ (exp F) the defining condition for M F can be checked modulo ℓ n , so we have M F = π −1 n (M F (n)) and the first assertion follows from Lemma 18. The set M is measurable because it is a countable union of measurable sets, and we are left to prove µ(G \M) = 0. Since G \M ⊆ π −1 n (π n (G \M)), by Lemma 18 it suffices to show that
tends to 0 as n tends to infinity. By (C1), the cardinality of G(n) is asymptotically given by a constant (positive) multiple of ℓ n dim G . Let G Zar be the Zariski closure of G in GL b,Q ℓ and let V be the closed ℓ-adic analytic subvariety of
The numerator of (11) is then at most #π n (V(Z ℓ )), which by [21, Theorem 4] is bounded from above by a constant times ℓ n dim(V) . To conclude, we only need to prove dim(V) < dim G.
contains an open subset of G and hence the preimage of V(Z ℓ ) in Gal(K/K) contains some open subset U . Since Frobenius elements are dense in Gal(K/K), we can find infinitely many of them in U (and by definition any such automorphism acts on T ℓ (A) with a fixed point). We now show that this is impossible.
By Lemma 14 we can find a prime p of K such that a corresponding Frobenius element is in U , the characteristic of p is different from ℓ, and the ℓ-adic Galois representation attached to A is unramified at p. Consider the completion K p . The assumption that the representation is unramified implies that the image of Gal(
is topologically generated by a Frobenius element, and hence this Galois group acts on T ℓ (A) with a fixed point. This contradicts the finiteness of the torsion subgroup of A(K p ), see Proposition 15.
4.2.
The condition on the arboreal representation. We keep the notation of Section 2.2 and suppose that (A/K, α, ℓ) are as in Definition 6, fixing n 0 as appropriate. Recall that we identify G(n) and Gal (K n /K) and that we see
Denoting by π 1 , π 2 the two natural projections, for each M ∈ G(n) we define the set
We also define the rational number
For M ∈ G we can define W n (M ) := W n (M n ) and w n (M ) := w n (M n ), where M n is the reduction of M modulo ℓ n .
Lemma 23. If M ∈ G, the value w n (M n ) is independent of n for n n 0 , and we call it w(M ): it is either zero or a power of ℓ with exponent 0.
Proof. We know Im(M n 0 − I) = ℓ n−n 0 Im(M n − I) because the following diagram is commutative:
: an inclusion clearly holds, and the two sets have cardinality ℓ b(n−n 0 ) # W n 0 (M n 0 ) by (C2ii) and because by definition we have
where by (C2i) the condition on t can be rewritten as
Denote by Z the kernel of the well-defined and surjective group homomorphism
To prove the first assertion it suffices to show that the induced (well-defined and surjective) group homomorphism
is #Z-to-1: this amounts to remarking that if
We now fix some n n 0 and prove that w n (M n ) is either zero or a power of ℓ (the condition on the exponent is clear from w n (M n ) 1). Recall that Im(M n − I) and W n (I) are finite ℓ-groups. We may suppose that Im(M n − I) ∩ W n (M n ) is non-empty and fix some element t 0 . By Lemma 22 we have
Example 24. Even if M ∈ M we can have w(M ) = 0. Let E/Q be a non-CM elliptic curve and α ∈ E(Q) a point of infinite order such that the arboreal representation attached to (E/Q, α, ℓ) is surjective (for an example, see Section 6.3), so that its image mod ℓ is
, which has order ℓ. Writing K for the fixed field of H, the triple (E/K, ℓ, α) clearly satisfies the conditions in Definition 6 with n 0 = 1. We can find M ∈ M such that M 1 = 1 1 0 1 . By construction, the set W(M 1 ) contains only the element 0 1 , which is not in Im(M 1 − I). This shows
4.3.
The general formula for the density. By Lemma 21, the disjoint union M := ∪ F M F has full measure in G, hence the domain of integration in (1) may be replaced by M.
Proof of Theorem 1. Recalling (9), we consider the set
To see that the Haar measure of S F in Gal(K α /K) is well-defined and to compute it, we consider the reduction modulo ℓ n of M F and the set
We restrict to n > max{n 0 , v ℓ (exp F)}, where n 0 is as in Definition 6. By (12) and (13) we have
From (6) we deduce
By (5) the left hand side of (18) is a non-increasing function of n, and therefore it admits a limit for n → ∞, which is µ(S F ). We claim that S F,n is the image of S F in Gal(K α,n /K).
The set S F,n clearly contains the reduction modulo ℓ n of S F , so we prove the other inclusion.
there is an element (t, M ) in Gal(K α /K) that reduces to σ n . Since n > exp(F), we have ker(M − I) ≃ ker(M n − I) and hence M ∈ M F . We now construct an element of S F reducing to σ n : take a n ∈ A[ℓ n ] satisfying (M n − I)(a n ) = t n , and consider a lift a of a n to T ℓ (A); we may replace t by (M − I)a because the difference is in ℓ n T ℓ (A) and since n > n 0 we know that Gal(
The right-hand side of (18) is an integral over M F (n) with respect to the normalized counting measure of G(n), and the matrices in M F are exactly the matrices in G whose reduction modulo ℓ n lies in M F (n). By Lemma 23, taking the limit in n gives
Consider the natural projection π : Gal(K α /K) → Gal(K ∞ /K). By Lemmas 18 and 21 the set S α of (8) is the disjoint union of the sets S F = S α ∩ π −1 (M F ) up to a set of measure 0, so we may conclude by Theorem 5 in the form of (7).
4.4. Equivalent formulations of (1). Recall that Gal(K α /K) is a subgroup of T ℓ (A) ⋊ G and consider the two projections: the integrating function of (1) is then
where µ T ℓ (A) is the normalized Haar measure on T ℓ (A). Indeed, calling M n the reduction of M modulo ℓ n , we have by (12) and (13)
and µ T ℓ (A) is the limit of the normalized counting measures on
Remark 25. For every M ∈ M F we have ℓ det ℓ (M −I) = # F, so we can rewrite (1) as
Furthermore, we may restrict the sum in (20) to those groups F which contain a subgroup isomorphic to A(K)[ℓ ∞ ] because for all but finitely many primes p of K the group
injects into the group of local points A(F p ).
Example 26.
Suppose that for all n 1 the fields K α,n and K ∞ are linearly disjoint over K n , and that [K α,n :
, so by elementary group theory we have
independently of n and M , and we may easily conclude because c Kummer = ℓ bd . The density in (21) equals the "probability" that the ℓ-part of (α mod p) is trivial, if we assume this to be uniformly distributed. Indeed, µ(M F ) is the "probability" that the ℓ-part of the group of local points A p (k p ) is isomorphic to F (where F varies over all finite abelian ℓ-groups); in the group F the "probability" that an element (which is an ℓ d -power) is coprime to ℓ is exactly (#ℓ d F) −1 . The generic case corresponds to d = 0.
ASYMPTOTIC BEHAVIOUR OF THE DENSITY
Theorem 27. Let A/K be the product of an abelian variety and a torus defined over a number field. There exists a positive constant c := c(A/K) such that the inequality
holds for all primes ℓ, for all integers n 0, and for all points α ∈ A(K). In particular, Dens ℓ (ℓ n α) goes to 1 for ℓ n → ∞ independently of α. Proof. Up to dividing the constant by [K ′ : K] we may work in Gal(K ′ ℓ n /K ′ ), i.e. we may suppose that the torus is split and K = K ′ . Up to decreasing the constant, we can ignore finitely many prime numbers, so we may suppose that ℓ = 2 and that K(ζ ℓ n ) has degree (ℓ − 1)ℓ n−1 over K. If A ′ is trivial and hence A = G r m , the ℓ n -torsion field is K(ζ ℓ n ), so H ℓ,n is the group of squares in G(n) = Gal(K(µ ℓ n )/K), which has order 
→ ζ ℓ n we deduce that S ℓ,n is contained in H ℓ,n and we are done.
Lemma 29. Let A/K be the product of an abelian variety and a torus defined over a number field. For any integer n 1 consider the set
There exists a constant c := c(A/K) such that µ(B ℓ,n ) cℓ −n holds for all ℓ and n.
Proof. Set B ℓ,n (n) := {M ∈ G : det(M ) ≡ 1 (mod ℓ n )}, and keep the notation of Lemma 28. Write G(n) = r∈R H ℓ,n · r, where R is a set of representatives for the cosets of H ℓ,n in G(n). We identify an element of H ℓ,n to its corresponding scalar λ. For a given r, the quantity det(λr) = λ b det(r) is congruent to 1 modulo ℓ n if and only if λ b ≡ det(r) −1 (mod ℓ n ). For any fixed r, at most 2b values of λ satisfy this congruence, and therefore every coset contains at most 2b matrices in B ℓ,n (n). From Lemma 28 we deduce
Since B ℓ,n is the inverse image in G of B ℓ,n (n) we get µ(B ℓ,n ) =
Proof of Theorem 27. We want to compute the density of the set of primes p for which the ℓ-adic valuation of the order of (α mod p) is at most n. The complement of this set consists of primes p for which #A(F p ) is divisible by ℓ n+1 ; in particular, the Frobenius at p is an element of the set B ℓ,n+1 of Lemma 29. The result follows immediately.
THE DENSITY FOR ELLIPTIC CURVES
6.1. Computability of the density. We show that, in the special case of A/K being an elliptic curve, the value Dens ℓ (α) can be effectively computed for all α ∈ A(K).
One can first determine whether the order of α is either coprime to ℓ, divisible by ℓ, or ∞. In the first two cases Dens ℓ (α) is respectively 1 and 0, so we can assume without loss of generality that α is a point of infinite order. In this case, the set Zα is Zariski-dense in A, so by Remark 7 we know that Dens ℓ (α) is given by (20) . We shall make use of the following definition: As in Section 4.1 we study subsets of G of the form M F , where F is a finite subgroup of
Since A is an elliptic curve we can write F = Z/ℓ a Z × Z/ℓ a+b Z for some integers a, b 0.
Equation (20) becomes
Proposition 31. The set N 2 can be partitioned in finitely many (effectively computable) admissible sets such that on each of them (22) is independent of (a, b) and is an effectively computable rational number.
Proof. We first compute an integer n 0 as in Definition 6, see Remark 13. We may suppose M a,b = ∅ because by [17, Theorem 1] the pairs (a, b) satisfying M a,b = ∅ form an explicitly computable admissible set, and for them δ(a, b) = 0. By definition, we know
Any single δ(a, b) can be computed effectively because f a,b (n) is independent of n for n > max{n 0 , a + b}. Indeed, we have f a,b (n + 1) = f a,b (n) because any lift of M ∈ M a,b (n) to G(n + 1) belongs to M a,b (n + 1) and hence all matrices in M a,b (n) have the same number of lifts to M a,b (n + 1), namely #T. We also use the fact (Lemma 23) that w(M ) only depends on M modulo ℓ n 0 . We shall repeatedly use the following fact: if we have
for some n > max{n 0 , a + b} then by Lemma 23 we also have
If G is open either in GL 2 (Z ℓ ) or in the normalizer of a split/nonsplit Cartan: By [17, Theorem 28] we know that (25) holds and hence δ(a, b) = f a,b (n 0 ). Since M a,b (n 0 ) = ∅, we get δ(a, b) = 1 if a n 0 δ(a, n 0 − a) if a + b n 0 > a because for a n 0 the only matrix in M a,b (n 0 ) is the identity and w(I) = 1, while for b n 0 − a > 0 the sets M a,b (n 0 ) and M a,n 0 −a (n 0 ) coincide by [ (26) hold. By [17, Lemmas 37 (iii) and 38] we can deal with this case as above, so suppose a ∈ {0, 1}. The number of lifts to M a,b (n + 1) of a matrix M in M a,b (n) depends at most on whether M belongs to the trivial/nontrivial coset of C in N (see [17, Theorem 28] ), so we have:
) and by [17, Corollary 41] this equals some constant c a for all sufficiently large b (the bound is effective). So by (27) the following holds for all sufficiently large b:
.
For any fixed a, the sets C a,b (n 0 ) and C ′ a,b (n 0 ) are independent of b for b large enough (and the bound is effective), see [17, Lemma 39] and [17, Theorem 31 (ii) ]. We deduce that δ(0, b) and δ(1, b) are constant for all sufficiently large b, with an effective bound. The assertion easily follows.
Proof of Theorem 4.
We show that the right-hand side of (23) is an effectively computable rational number whose (minimal) denominator satisfies the property given in the statement. By Lemma 8, the constant c Kummer is defined in terms of n 0 (effectively computable by Remark 13) and # Gal(K α,n 0 /K n 0 ). Since this Galois group is computable, the constant c Kummer is an explicitly computable power of ℓ and we are left to investigate the sum in (23) .
By [17, Theorem 1] and Proposition 31 we can partition N 2 into finitely many (explicitly computable) admissible sets S such that for each of them there is an (explicitly computable) rational constant c S 0 satisfying
for every (a, b) ∈ S. The sum in (23), restricted to the pairs (a, b) ∈ S, then becomes
where the sets S 1 , S 2 are finite or have a finite complement in N. We can explicitly evaluate the geometric series, and each sum is a rational number whose denominator divides a power of ℓ times ℓ E − 1 or ℓ 2 − 1. We conclude by proving that, up to powers of ℓ, the minimal denominator of c S divides # G(n) for some n 1 (this is enough to establish the proposition since # G(n) divides # GL 2 (Z/ℓZ) = ℓ(ℓ 2 − 1)(ℓ − 1) up to a power of ℓ). Consider [17, Lemma 25] , formula (24) and the assertion following it: if c S = 0 we can fix (a, b) ∈ S and take n sufficiently large so that we have
Since M a,b (n) is a finite set and w(M ) is a power of ℓ, we are done. (1) If the image of the ℓ-adic representation attached to A is GL 2 (Z ℓ ), we have:
(2) If the image of the ℓ-adic representation attached to A is either a split or a nonsplit
Cartan subgroup of GL 2 (Z ℓ ), we respectively have: 
Proof. Writing a closed formula for (21) amounts to evaluating some simple geometric series, because in [17, Section 1] we have explicit formulas for the measures µ(M a,b ).
One can easily write analogous parametric formulas for the simultaneous reductions of many points: for i = 1, . . . , n consider elliptic curves A i /K and points α i ∈ A(K) of infinite order. The density of primes p such that the order of (α i mod p) is coprime to ℓ for every i is exactly the density Dens ℓ (α) for the point α = (α 1 , . . . , α n ) in the product i A i .
Examples for Theorem 32.
We tested the formulas of Theorem 32 in the examples below: the exact value of Dens ℓ (α) was always in excellent agreement with a numerical approximation computed with SAGE (by restricting to primes up to 10 5 ).
For the non-CM elliptic curve E : y 2 + y = x 3 − x over Q and the point γ = (0, 0), the ℓ-arboreal representation is surjective onto 
Example (non-surjective mod 3 representation).
Consider the non-CM elliptic curve E : y 2 +y = x 3 +6x+27 over Q [32, label 153 .b2] and the point of infinite order α = (5, 13).
The image G of the 3-adic representation is open in GL 2 (Z 3 ) and we have
is a subgroup of GL 2 (Z/3Z) of order 6. The 9-division polynomial of E has an irreducible factor of degree 27 whose splitting field has degree 2 · 3 5 . Since the 9-division polynomial factors completely over Q(E[9]), we deduce
and hence we have By [17, Proposition 33] we then obtain
We show below that the image of the 3-arboreal representation of α is T 3 E ⋊ G; it follows that To prove that the image of the arboreal representation is T 3 E ⋊ G we apply Theorem 12 with n = 1. We need to verify [K α,2 : K α,1 ] = 3 6 : one computes without difficulty [K α,1 : Q] = 2·3 3 , and we know [K 2 : Q] = 2·3 5 , so we are left to check [K 2,α :
One divisibility is clear, so let us prove that 3 4 divides the degree of
Denote by L the field (of degree 3 4 ) generated over Q by a root of the 9-division polynomial of α. Since K α,2 ⊇ LK 2 , it suffices to show that L and K 2 are linearly disjoint over Q. If not, exploiting the structure of the Galois group Gal(K 2 /Q) we see there would be a subfield of L ∩ K 2 of degree 3 over Q. However, this field cannot exist because one can test with SAGE that the 9-division polynomial of α is irreducible over all subextensions of Q(E [9] ) of degree 3 over Q.
6.5. Example (index 3 in the normalizer of a split Cartan). Consider the elliptic curve y 2 + y = x 3 + 7140 over Q [32, label 1521.b2], which has potential complex multiplication by Z[ζ 3 ]. Consider the point of infinite order α = (56, 427). The image G of the 13-adic Galois representation is properly contained in the normalizer of a split Cartan subgroup of GL 2 (Z 13 ): the image G(1) of the modulo-13 representation is generated by the matrices 2 0 0 2
thus it is a group of order 96 (and index 3) in the full normalizer of a split Cartan subgroup of GL 2 (Z/13Z), and one can check that G is the inverse image of G(1) in GL 2 (Z 13 ). We keep the notation from [17] . A direct computation gives µ C 0,0 (1) = 41/48, µ C 0,1 (1) = 1/8 and hence µ a,b > 0 for every a, b 0: we may then apply [17, . A direct computation gives µ * 0,0 (1) = 11/12, µ * 0,1 (1) = 1/12, and we can apply [17, Theorem 40 ]. So we have
. We claim that the image of the 13-arboreal representation of α is T 13 E ⋊ G, so we have . We know α ∈ 13E(Q) because α generates E(Q)/E(Q) tors . So we are left to prove that for n 1 there is no nonzero homomorphism of G (1)-modules between J n := ker(G(n + 1) → G(n)) (where the action is conjugation) and E [13] (with the usual Galois action). Such a homomorphism would be surjective (the image is a non-trivial G(1)-submodule of E [13] ), and hence also injective because #J n = 13 2 . This is not possible because E [13] is irreducible and J n has the 1-dimensional submodule (1 + 13 n )I .
UNIVERSALITY OF DENOMINATORS
This Section is devoted to proving Theorem 3. For any given dimension there are only finitely many possible values for the first Betti number, so we prove instead: 
and define G(n) as the reduction modulo ℓ n of G(Z ℓ ). There is a rational constant c(G) such that # G(n) = c(G)ℓ n·dim(G) holds for all sufficiently large n. We also introduce the polynomial
which satisfies # GL b (Z/ℓZ) = gl b (ℓ) for all primes ℓ.
Proof. For every sufficiently large n we have c(
7.2. Generating sets of polynomials. Let k be any field of characteristic 0 (we will only need the result for Q ℓ ). Proof. We know that G k is the almost-direct product of its derived group S (which is semisimple) and of its radical T . Notice that a change of basis in GL b,k changes neither the degree nor the number of the equations defining a subgroup, so we can work up to conjugation.
We first prove the statement for S. By the Lefschetz principle, we may work over C and it suffices to remark that there are only finitely many conjugacy classes of semi-simple Lie subalgebras of Lie(GL b,C ) [27, Section 12 (a)].
The statement is also true for T . Indeed, up to conjugation, the action of T on k b is given by
where the exponents a ij are the weights of the tautological representation and hence are in {0, 1} by assumption. The equations defining T are x ij = 0 for i = j and the finitely many equations of bounded degree
ii = 1, where the vector (v i ) ranges over a basis of ker(a ij ).
To conclude, we make use of the theory of bounded complexity. We have shown that S and T have bounded complexity and hence the same holds for S × T [6, Definition 3.1 and Remarks]. Since the product map GL b,k × GL b,k → GL b,k has bounded complexity [6, Definition 3.3] , the same holds by [6, Lemma 3.4] for the restriction to S × T and for its image G k . Proof. It suffices to show that there are defining polynomials of degree at most D(b) because the polynomials in k[x ij , y] of a given degree form a finite dimensional vector space (whose dimension can be bounded purely in terms of the number of variables and of the degree, hence ultimately in terms of b). We let I be the ideal of G in R and I k = I ⊗k the ideal of G k in R⊗k. By Remark 36 and Lemma 37, the ideal I k is defined by finitely many polynomials f i of degree at most D(b). Fix a finite, Galois extension L of k that contains all their coefficients, and let {t j } be a basis of L over k. The polynomials tr L/k (t j f i ) (the trace is taken coefficientwise) are in I and have degree bounded by D(b). They generate I because we can write f ∈ I as
for some polynomials a i in R ⊗ L. 
Proof. The group G 0
Zar is clearly connected, and it is the product of the identity components of the ℓ-adic monodromy groups associated with the torus and with the abelian variety. The claim is obvious for the torus, because we can reduce to the case of G m , which is clear (the weight of the tautological representation is 1). We may then assume that A is an abelian variety, and hence G Proof. For every prime number p let ρ p : Gal(K/K) → GL b (Z p ) be the p-adic representation attached to A, and call G Zar,p the Zariski closure of its image. Let K conn be the finite extension
is the number of connected components of G Zar,p . It is known by work of Serre [29] (cf. also [16, Introduction] ) that K conn is independent of p, so the degree [K conn : K] divides the greatest common divisor of the supernatural numbers # GL b (Z p ) = p ∞ · # GL b (F p ), which is an integer depending only on b.
7.4.
A theorem of Macintyre. We apply a result of Macintyre [18] which -roughly speaking -is a uniformity statement for integrals over L P -definable sets. L P is a first-order language (in the sense of logic) that is similar to Denef's language used in [9] . It is obtained from the language of rings (i.e. a language with 0, 1, +, ·, −) by adding 1-ary predicates P n , for n 2. We make Q ℓ an L P -structure by interpreting P n as the set of n-th powers in Q ℓ (i.e. P n (x) is true iff x is an n-th power in Q ℓ ). The valuation ring
Proof. Expanding the argument in [18, p.71] , consider the formula R(x, y) given by P 2 (1 + y 3 x 4 ) and let V := {y : R(x, y) defines a valuation ring}. The property y ∈ V is expressible by a formula Ω(y) in L P because the property of defining a valuation ring can be expressed in the language of rings. Indeed, S ⊆ Q ℓ is a valuation ring if and only if it is a subring that satisfies (∀x)(x ∈ S or ∃x ′ : xx ′ = 1, x ′ ∈ S). When we interpret Q ℓ as an L P -structure, R(x, −ℓ) defines precisely Z ℓ . One can check that v ℓ (x) 0 if and only if (∀y ∈ V )R(x, y): it follows that v ℓ (x) 0 is equivalent to (∀y)(Ω(y) ⇒ R(x, y)).
Corollary 42.
There is an L P -formula Ψ(x, y) such that, when Q ℓ is interpreted as an L Pstructure, we have Ψ(x, y) ⇔ v ℓ (x) v ℓ (y). Likewise, there are formulas that encode the statements v ℓ (x) = 0, v ℓ (x) > v ℓ (y), and v ℓ (x) = v ℓ (y) + 1.
Proof. We can express v ℓ (x) v ℓ (y) by ∃z : Φ(z) ∧ (x = yz) and v ℓ (x) = 0 by ∃y :
Let Φ be a formula in L P with m + m ′ free variables (such a formula can be interpreted in Q ℓ for every prime ℓ). Define (28) A
Such a set A is said to be L P -definable. We also consider functions Q n ℓ → Z ∪ {+∞}. We deal only with L P -simple functions of the form
Theorem 43. (Macintyre [18] ) Suppose A is an L P -definable set, and α, α ′ are L P -simple functions. We have
whenever the integral is finite, where
(1) ε is L P -simple with values in N, and the γ i,i ′ are integers; (2) h is a constant independent of ℓ; (3) the a j , a ′ j are natural numbers, bounded by some constant τ independent of ℓ; (4) c divides (ℓ(ℓ − 1)) m , where m is the dimension of the integration space; (5) the numbers a j , a ′ j , τ, h and c, as well as the function ε, only depend on the formula defining A and on the polynomials defining α, α ′ (in particular, they are independent of λ and ℓ).
Though not stated in this exact form, this theorem is fully proved in [18] : the main result is Corollary 2 on p.70, (2) is a direct consequence of Theorem 19 of op.cit., (3) is proved in §7.2.1, and (4) is proved in §7.2.2. (1 − t a u a ′ ) h .
Notice that we can reabsorb the power of ℓ in the numerator. To finish the proof, recall that τ and h only depend on the polynomial defining α (which is in particular independent of ℓ) and on the formula defining A. Since by construction the latter depends only on b, this establishes our claim. and N n,k := #S n,k−1 (k) (we also set N n,0 = 0). We consider the Poincaré series (32) P n (t) :
where the second equality follows from Lemma 46 and the following computation: 
Proof. We can write
The finite sum is obviously in Z[1/ℓ]. We may conclude by applying (32):
Proposition 48. Fix b 1. There exists a polynomial q b (t) ∈ Z[t] with the following property. If G is an algebraic subgroup of GL b,Q ℓ of class C, n 0 is an integer, and T is any matrix in GL b (Z ℓ ), we have:
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